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All things in universe are made of Elementary particles - called spin-1/2 particles. They are point particles

Three fundamental attributes of these particles:
Mass and charge : Scalar quantities
“SPIN” - intrinsic angular momentum EXACTLY equal to- %h - called 1/2 integer spin

In quantum world, these particles are described by wave functions - state of the particle.
Mysterious thing about these wave functions 1s: under rotation by 360 degrees, they change SIGN

P — —p as 0 — 0 + 2.

That 1s: Particles with half-integer spins, do not recover their original posture or state after one full rotation. The
need to complete two full rotations before returning to their original state, something that 1s reminiscent of

~

.

Quantities that change sign under rotation by 2 are not scalars, vectors or tensors

They are called SPINORS .
Why talk about spin & spinors in ~ Quaternion session” ? Because spins-1/2 are quaternions in disguise



Euler: 1775: Euler’s Rotation Theorem or Fixed Point Theorem

In 3D, any displacement of a rigid body such that a point on the rigid body remains fixed, 1s
equivalent to a single rotation about some axis that runs through the fixed point.

Let us represent this rotation 2(07). R(H ’ﬁ/)

He showed that the composition of two rotations is also a rotation.

~~

R(y#) = R(ad)R(Bh) —

Olinde Rodrigues: 1840: Product formula

Gives axis and angle of final rotation 1n terms of axes and angles of two consecutive rotations.

o 15 a . B

COS — = COS — COS — — SIn —sin —{ - m
2 2 2 2 2
LY. e’ n a.BAJr a.ix,\
Sin —7, = SINn — COS — COS — SIn —M + Ccos — sin — m
2 2 2 2 2 2 2

“Proof of the formula: “arXiv:2211.08333” Translation by Richard Friedberg: Nov: 2022.

Rotation R(6n) is described by four parameters:

_ 0 = __ a2 A
Qo =COS 5, G=sing 7, N = (Ng,nyn,)

An les




Reincarnation of Quaternion
Pauli matrices obey quaternion algebra

Hamilton: 1843 Discovers Quaternions

Do complex numbers x + 1y that describe 2D rotation

have generalization to triplets x + 1y + jk to describe 3D rotation’!

REVIEW: In 2D, vector =z + iy = re*

To rotate ¢ by o, multiply the corresponding complex number by ™

,r.ez'(a—l—O) — el il

Eureka Moment: Need Quadruplets not Triplets:
(x + iy) — (s + I + yJ + zK) — quaternions

(1, J, K) obey following rules: Rotation R(Qﬁ]
P=J=K=-1

. A . _“Q ~ T e~ P
Unit R:cosg+n31ngze n2, n:an—I-nyJ-I—nzK,

Quaternion
7 —n¢ - af¢ __ = T
vV = e "2 vez2=Ro R,
7, 0 - v, v,
R = cos—+nsin—, R =cos— -+ nsin —
2 2’ 2 2

Note: Half-angles



Geometric Algebra

Hermann Grassmann ( 1807-1877) :

William Kingdon Clifford (1845-1879)

Introduce “geometric product” as

1 1
€16 = €1 €9+ e N ey = 5(6162 + eqeq) + 5(6162 — €e5€1)

Symmetrized product is a scalar




1 ( scalar)

e1, €s, 3 (vectors )

(e]_ €J 63)61 s— 62 63 S— igel 1(6162 — €12, €2€3 = €93,€361 = 631) (biVCCtOI'S - area elements )
e1€9€3 = €193 = 1, ( trivector , volume element- pseudosclar)
(e1eje3)es = eszeq = i,€0
. Scalar
(61 6] 63 ) 63 — 61 62 — 7:9 63 /:ctor -- directed line segment

Surprise Consider three orthonormal vectors J /b ) / (\ >
In 3D, Clifford algebra is Pauli Algebra a

a’' b =-Db a

bivectors -- oriented areas

0i0; = €iki0k, 1F ]

o — - . _ifb VA
01 0 —2 1 0 e ) =
Op = , Oy = , Oy = (a b) c=a/ (b c)
10 ¢ 0O 0 —1 trivectors -- oriented volumes




Where are Quaternion?

I =eqe3, J =-e3e1, K =eeq,

Unit quaternions: R = cos g + nsin g - bivectors

0 v,
R = cos 5 + (nzeqe3 + nyeze; + n,eiey)sin 5
0 . v,
= cos + 14(nge1 + nyes + ne3) sin 5
COS 0 + 2,7 - € SIn 0. eiof e
p— — . 1 i —
2 7 2

Bivectors are “spinors” - this links spinors with rotations explicitly.



Summarizing GA

(1) Instead of scalars and vectors, we have multivectors. That 1s, scalars, vectors, and
bivectors which are of different ranks are part of the same algebra. Bivectors and trivectors
are of rank two and three respectively, and represent two different geometrical entities.

(2) Even-ranked multivectors form their own own subalgebra. Bivectors are very important
in understanding spin.

(3) The key feature of multivector algebra is the rule for multiplying vectors. While the
product ab of two vectors is not itself a vector, it i1s nevertheless composed of quantities
with geometrical significance. Geometric product of two vectors describes a degree
of commutativity of two vectors. Commutativity means that the vectors are collinear.
Anticommutativity means that they are orthogonal.

(4) Unlike vector products, geometric products define a closed algebra. For example, given
three vectors (&, b, ©),

i-(bx@&) #(@-b)xébutd- (bAE) =(@-b)AC
N

aNb=1,a X0

—

a
ix (bxd) £ (@xb) xEbut@dA (bAE) = (a




aNb=1,a X0
Example:

C_I:=€1+262+363, g=4€1+5€2+663, 6X5=—361—6€2—363

aADb

(61 -+ 262 + 363) A\ (461 + 562 + 663)

D€e19 + 0e13 + 8o + 12e93 + 12e51 + 1de39

3eg1 + bez; + Jezo

—3e13 — 6e13 — 3ea3

e123(—3e3) + e132(—6e2) + ea31(—3e1)

= ej93(—3e3 — Geg — 3e;)



Spin was discovered in physics 1925: But before that

1913: Cartan develops Theory of Spinors as abstract mathematical objects

Elie Cartan

French Mathematician:
1865-1951

“One of the principal purposes of (my) work is to develop systematically the theory of
spinors, by giving an entirely geometric definitions of these mathematical entities: thanks to the

geometric origin, the matrices used by physicists in quantum mechanics turn up by themselves.

»... Elie Cartan ( 1938)



Consider a vector & = (x1, T9, x3) in 3D (complex) Euclidean space, of zero length

That is z° = ] + 23 + x5 = 0.

Example: Given two orthonormal vectors p'and ¢, define # = p'+1¢, p*°=¢*=1&p-¢d=0
* = (p+iQ) =p*—q¢*+2ip-7=0.

Associate two numbers (£, £>) to this vector:
L1 = f% - Ega L = z(ff + §§)a T3 = —2618

gl - __[%(35'1 — ch2)]%~ 52 — ::[—%(331 + 2332)]%

z transform as vectors under rotation: &£; and &; change sign under 27 roattion.

5_1_\/3:1—2':02 B
3 —Zy — iT2’

01 &1
10 &2




How Cartan’s spinor transform under rotation

/ 1 / .
( 1)2 5(5’31 — fo‘z)

= S[(Ru —iR)(€ — &) +i(Rux — iRn)(& + ) — 2:6a(Rus + Ras)]

1 . . . . .
5[(311 + Ry — iRg1 + iR19)E% — 2(Ry3 — iRo3)€1& + (—Ryy + Roy + iRy + iRy2

Orthogonality of R(f7:) gives r.h.s is a perfect square: & and &, depend linearly on &; and &s.

Check: planar rotation about z-axis where the matrix X is given by,

cos@ —sinf 0 Ry, Rip Rig
R(0n) = |sinf@ cos® 0| = |Ry Ry Ras
0 0 1 R31 R3z Ras
I\ 2 1 / P
(&) = 5(5‘71 — 1T5)
1
= 5[(0039 1 —sinfl x5) —i(sinf z; 4+ cosd xy)]
1 . : —i
= 56”9(331 —ixy) = € 9&;?
[ i- 'e—-z:g 0 ] -51- -§1- Note: Half-angles

| T » =U Change of sign under
2 0 ez [& §2 360 degree rotation




Hydrogen Emission Spectrum

&
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wavelength, A (nm) 1896-1897: First nail in the coffin of Classical Physics

( note: electron was discovered in Oct 1897 )

What happens to spectral lines
1n presence of magnetic field 2?7 “Normal” Zeeman Effect “Anomalous” Zeeman Effect
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Bohr Model- 1013 NIELS BOHR

71101 1885 - 1811111962

Everything we call
real is made of
things that cannot
be regarded as real.

If quantum mechanics
hasn't profoundly
shocked you,

you haven't
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More Anomalous splittings observed in atoms
with more than one electron

Sodium

Hydrogen

Calcium

Mercury

4000 A 5000 6000 7000

Need to look beyond Bohr Model



1925: Goudsmit & Uhlenbeck propose a model of spinning Electron

-

i o Sudh it P

Well, that is a nice idea, though it may be wrong. But you don'’t yet
have a reputation, so you have nothing to lose” ... Ehrenfest



1925-1927:

Erwin Schrodinger
0

E=EZ1vFEt) E7 iy

271

ihw (7, 1) =

ot

Austrian physicist:

(1887-1961)

U(z, 2 W : :
U(z) = ¥(x,s,) = ( 21) =| '"| —» Pauli Spinor
-II}(Q'J,—i)- _\Ij¢-
A kA v,
ihd, | || = Hy ‘DT _ ;—zs*-B \pT
Wolfgange Pauli A Batd inia

(1900-1958)

—

S =(S,,8S,S,) =hs |5=30

[Sia Sj] = €;jkSk




English physicist 24, {
(1002-1684) “hietcal (w‘f-(;uld &w%ojj;,%_.
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Marrying Relativity & Quantum Mechanics

E2 :p2C2 —I—m2(34

|
—~
S

~
S |

Pu = (P17P27P37P4) —

)1/2

(p7+p3 +p3+p3) " =P+ P2ye + P3Y3 + Pava

g — —thV, E — ihg

2 2 2 2
Yo = 15 M = _1’ Yo = _19 T3 = _1’ {"Yu’)'v} — O’ H 7é o Dirac spinner
Clifford algebra in 4D Minkowski space

We need four matrices tth anti-commute:
Pauli matrices will not do the job




Y1 (v*(¢hd, —eA,) —me)y =0

Y3 W =
s P-
(E — ed)th, — co - (p — eA) b = mc*p,
I 0 0 —og ~(B—eg)p-+ C"l’ (p—eA) . =mc)-
Yo = y Yk = N L
O —I O O w_ ~ cha (p 6A) ¢+

(B —m) . = 5[0 (b~ eA) o + b,

What is Spin ???

Spin emerges as intrinsic angular momentum- an abstract quantity, and is not
associated with any visual picture of a spinning top. The idea that quantum
spin describes some Kind of spinning motion is erased in the physics literature.



Dawvid Hestenes: Spacetime Algebra & its Implication for
Quantum Spin

...... It has been my privilege to pick up where Clifford left off —to serve,
so to speak, as principal architect of Geometric Algebra and Calculus as a comprehensive

mathematical language for physics, engineering and computer science.



In physics, “spin-gene” 1s encoded 1n Pauli & Dirac matrices

In Quantum Mechanics:

(z,p) — (z, ?833)

spin as a Pauli & Dirac matrices

Hestenes 1960s:

Pauli matrices represent a frame of three orthonormal vectors
in 3D Euclidean space ; anticommutativity expresses

orthogonalization.
Similarly, Dirac matrices yu as orthogonal vector basis in 4D Minkowski space.

Spin is not intrinsically related to Pauli or Dirac matrices



David Hestenes’s Spacetime Algebra ( STA) & Deeper Dive into Quantum Spin

(1) Represent Pauli or Dirac spinors as multivectors. ( - related to Rotors- unit quaternion )
(2) Pauli matrices ¢; or Dirac matrices *, are orthogonal vectors in 3D or 4D spacetime.
No more matrices and all quantities have geometric interpretation.

Spinner W satisfies real equation: NO more 1imaginary number

(i . 8 e ... .6
[ >= — W = ag + €,x0:0;a = /pe2 R, R = cos 5 + 1,00, sin 5
U
@92 ~ A ; 8 0 C oA A 0
"l/) > — — ¥ — AO + PYZFYOAI:' - \/EC‘Q 2 R, I? — cos 5 + Lg™Yi7Y; S 5
(1%
_w4_ Pauli-Schadinger-Hestenes equation
Define SPIN hoUG 6y = (— ;m VT 2‘:;3%3,
cIine . J
Dirac- Hestenes’s equalion
I ROWyyy, — %"A\p — melA,
S = R"‘/l"‘/zR o '
h NOTE: i = +/—1 maps into a bivector




Spinning point particle- what does it mean ?

Dirac-Hestenes spinor ¥ 1s a ROTOR - theory of spinning frames on the spacetime.

What physical entity is spinning as spinning frame is not a spinning thing - the spin ?

Interpreting spin as a dynamical property of electron motion.

Spin of electron describe circulation of electron mass and charge.

Electron is executing helical motion- zitterbewegung ( zitter ), which manifests in spin

This 1s a new version of de Broglie’s original hypothesis that the electron has an internal

clock with period precisely equal to twice the zitter period.

Coulomb field of electron is actually time average of a more basic periodic electromagnetic field

oscillating with the de Broglie of frequency w = m};‘? ~ 10%1s1

High frequency electromagnetic field (or wave) 1s permanently attached to electron

This gives zero-point angular momentum associated with the zero-point energy of the electron

Heisenberg uncertainty- interpreting electron spin as minimum orbital angular momentum.




Modeling the Electron with Geometric Algebra

A report on work 1n progress

David Hestenes
Arizona State University

ICACGA 2022

o
“You know, 1t would be sufficient

to really understand the electron!”

— FEinstein (1943) . ‘
Electron zitter (zitterbewegung) '
VT,

if the particle is considered as containing a rest energy mc2 = hvQ, it was natural to

compare it to a small clock of frequency v so that when moving with velocity v = [3c, its frequency
is different from that of the wave, v = vyy/1 — 3 Louis de BROGLIE,

“Science is the belief in the ignorance of experts” Feynman



