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The Hopf fibration (1931)

S3 → S2

(a, b, c , d)→
(
2(ac + bd), 2(bc − ad), a2 + b2 − c2 − d2

)

not nullhomotopic

generates π3(S2)

applications to magnetic monopoles, rigid body mechanics, quantum
information theory

has lovely geometry and algebra
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Fibers of the Hopf map

Exercise (Bröcker, tom Dieck)

Show that any two fibers of the Hopf fibration are linked in S3.

“fiber” = preimage set of a point
fibers of the Hopf map are great circles in S3

we can “see” these fibers via stereographic projection S3 ↔ R3 ∪ {∞}
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Stereographic projection S2 → C ∪ {∞}

P ′

P

P = (a, b, c)→ a + ib

1− c
= P ′
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Original version of the Hopf map

“Classic Hopf”

S3 → C2 → C ∪ {∞} → S2

(a, b, c , d)→ (a + bi , c + di)

→ a + bi

c + di

→ stereo−1
(
a + bi

c + di

)
=
(
2(ac + bd), 2(bc − ad), a2 + b2 − c2 − d2

)
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Quaternion version of the Hopf map

“Quaternion Hopf”

S3 → (unit quaternions)→ (pure quaternions)→ S2

(a, b, c , d)→ [r = a + bi + cj + dk]

→ [rkr∗ = xi + yj + zk]

→ (x , y , z)

=
(
2(ac + bd), 2(cd − ab), a2 − b2 − c2 + d2

)
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Möbius geometry version of the Hopf map

“Möbius Hopf”

S3 → (Möbius transf.)→ C ∪ {∞} → S2

(a, b, c , d)→
[
z → (a + bi)z + (c + di)

(−c + di)z + (a− bi)

]
→ a + bi

−c + di
(put z =∞)

→ stereo−1
(

a + bi

−c + di

)
=
(
2(−ac + bd), 2(−bc − ad), a2 + b2 − c2 − d2

)
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Bloch sphere version of the Hopf map

“Bloch Hopf”

S3 → C2 → R2 → S2

(a, b, c , d)→ (a + bi , c + di)

= e iγ
(

cos
θ

2
, e iφ sin

θ

2

)
→ (θ, φ)

→ (cosφ sin θ, sinφ sin θ, cos θ)

= (point on S2 with spherical coordinates (θ, φ))

= stereo−1
((

a + bi

c + di

)∗)
=
(
2(ac + bd), 2(−bc + ad), a2 + b2 − c2 − d2

)
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Bloch sphere, cont’d

(
cos θ2, e

iφ sin θ
2

)
∈ C2

θ

φ

x

z

y

P
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Reconciling the versions

S3
Tversion //

Hopf alt. version   A
AA

AA
AA

A S3

Classic Hopf~~}}
}}
}}
}}

S2

version Tversion

Quaternion Hopf (a, b, c , d)→ (a, d , c , b)

Möbius Hopf (a, b, c , d)→ (a, b,−c, d)

Bloch Hopf (a, b, c, d)→ (a,−b, c ,−d)
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More algebra and geometry

Rotations
SU(2), unit quaternions, Möbius elliptical group

Projective spaces
P1 = P(C2) =

(
C2 \ {0}

)
/ ∼

Lie groups, homogeneous spaces
SU(2), maximal torus T , homogeneous space SU(2)/T

two more versions of the Hopf fibration

C2 \ {0} → P(C2)

SU(2)→ SU(2)/T
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Projective spaces
P1 = P(C2) =

(
C2 \ {0}

)
/ ∼

Lie groups, homogeneous spaces
SU(2), maximal torus T , homogeneous space SU(2)/T

two more versions of the Hopf fibration

C2 \ {0} → P(C2)

SU(2)→ SU(2)/T

Lyons (LVC) Geom. and Alg. in the Hopf Fibr. 2023.01.07 16 / 21



Comparison of rotation conventions

Ways that (a, b, c , d) ∈ S3 acts as a rotation on S2

(unit quaternions) ↔ (Möbius elliptic group) ↔ SU(2)

a + bi + cj + dk ↔
[
z → (a+bi)z+(c+di)

(−c+di)z+(a+bi)

]
↔
[

a + bi c + di
−c + di a− bi

]

axis angle

quaternions (b, c , d) 2 cos−1 a

Möbius transf. (d ,−c , b) 2 cos−1 a

Bloch coordinates (d , c , b) −2 cos−1 a

Lyons (LVC) Geom. and Alg. in the Hopf Fibr. 2023.01.07 17 / 21
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Summary

The synthesis of algebra and geometry brings both to life. All topics below
are accessible to undergraduates with some second year background.

Topics related by the Hopf fibration

topology (homotopy groups)

quaternions and rotation algebra

projective geometry

spherical (elliptic Möbius) geometry

group actions

Lie groups, homogeneous spaces

Bloch coordinates for 1-qubit states
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Thank you!

http://quantum.lvc.edu/mathphys
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Kugelfläche.
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