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Hamilton and Quaternions

ÅMost of us here know the story of Hamilton 

and the quote on Quaternion on the 

plaque on Brougham (Broom) Bridge, 

Dublin which says:

ÅñHere as he walked by on the 16th of 

October 1843

Sir William Rowan Hamilton in a flash of 

genius discovered the fundamental 

formula for quaternion multiplication

i² = j² = k² = i j k = ī1

& cut it on a stone of this bridge.ò
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Hamilton and Quaternions

ÅThis was the legendary beginning of what he called 

ñQuaternionsò.

ÅWhich is what brought us all here today: 

Åto learn from each other the relevance of Quaternions 

today, more than 150 years after they were discovered. 
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Other contributors to this subject

ÅBut some of us may not know much about 

ÅGrassmann (Hermann Günther Grassmann; April 15, 1809 ï

September 26, 1877)  

ÅClifford (William Kingdon Clifford FRS; May 4,1845 ïMarch 3, 1879) 

Åand the history of their contributions to this subject. 

Hermann Günther Grassmann

William Kingdon Clifford 
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Hermann GüntherGrassmann

ÅGrassmann was a person who was 

truly ahead of his times. 

ÅHe anticipated Hamilton in non-

commutative multiplication, 

ÅHe introduced the idea of n 

dimensions, which is truly a 

modern concept.

ÅMuch of Grassmannôswork would 

conceptually look familiar to us 

today.
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Grassmann and Outer Product

ÅGrassmannôsouter products, also known as exterior products or 

wedge products, came before both vector and tensor analysis.

ÅThey also overlap both these subjects. 

ÅThe wedge product is defined to be associative, anticommutative, 

and distributive over addition.

ÅGrassmann provided an algebraic setting to answer geometric 

questions.

ÅFor this reason a more detailed mathematical description of 

Grassmannôs work needs to  be discussed in order to understand 

what Clifford eventually did.
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Grassmann and Outer Products

ÅGrassmann used lower dimensions as building blocks for higher          

dimensions.

ÅHe let a line be defined by 2 connected points, a  plane by 3 

connected points and so on.
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ÅFor example, a vector is usually associated with a point P or a line 

from 0 to P. 

ÅWhat Grassmann did was discuss situations where the lines start 

at P1 and end at P2, but didnôt necessarily go  through 0. 

ÅThis idea allowed for greater generality. 



A Pictorial Discussion of what Grassmann did
ÅFor 1 dimension: Let e1 join any 2 points
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P1 P2

e1

e1 e1

e1 e1

a = e1

Åe1 is unchanged by parallel displacement of the 2 points.

ÅAny vector a is some multiple of e1 

ÅFor example:

ÅThe sum of two vectors is commutative

a b
=

b a

ÅThis is how Grassmann deals with the issue of    

magnitude



A Pictorial Discussion of what Grassmann did

ÅFor 2 dimensions: Let e1, e2  be any two vectors
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e1

e2

ÅShown here with a common tail

ÅBut e1, e2 can be independently placed

e1

e2

e1

e2

ÅFor example a can be constructed as follows 

e1

a= 2e1 + e2

ÅAddition of vectors can be accomplished as follows

a

ba + b

b

a

b + a

a + b = b + a



A Pictorial Discussion of what Grassmanndid

ÅThe wedge product of two vectors is called a bivector.
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e1

e2
e2

e1

e1 Øe2 = -e2 Øe1

a

aØb =Aab e1 Øe2

Aab = 
═►▄╪▫█◄▐▄▬╪►╪▄■▫▌►╪□□╪▀▄╫◐╪ȟ╫

═►▄╪▫█◄▐▄◊▪░◄▬╪►╪■■▄■▫▌►╪□╬▫▪▼◄►◊╬◄▄▀█►▫□▄ȟ▄

ÅIt should be noted that the same bivector can be 

represented by two different parallelograms provided they 

have the same area.

e1 Øe2 e2 Øe1

b



A Pictorial Discussion of what Grassmann did
ÅFor bivectors in 3 dimensions: 
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a

b

c 

ÅaØb = Aab e1Øe2

ÅbØc = Abc e2Øe3

ÅcØa = Aca e3Øe1

b

c 

a

ÅAccording to 

Grassmann their planes 

can be put together in 3 

dimensions in the 

following way 



A Pictorial Discussion of what Grassmann did
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ÅFor a trivector in 3 dimensions: 

a
b

c a
b cô 

a ØbØc =

Vabc e1Øe2Øe3

ÅFor easy visualization we shall 

now take e1, e2, e3 to be 

orthonormal

e1

e2

e3

This process 

can be 

repeated 

indefinitely for 

n dimensions. 
a ØbØcô=

-Vabc e1Øe2Øe3



Clifford Joins Quaternions with Grassmann algebras

ÅIt is ironic according to D. Hestenes

ÅClifford ñthe mathematician exhibiting the deepest 

understanding of Grassmannôssystem and advancing it in a 

major way, is seldom mentioned as a follower of Grassmann 

in historical accounts, though Clifford himself could not have 

been more explicit or emphatic in his claim to be following 

Grassmann in developing what he called ógeometric     

algebraô!ò
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Clifford Joins Quaternions with Grassmann algebras

ÅIn 1876 Clifford wrote, but left unfinished and unpublished, a 

paper called ñOn The Classification of Geometric Algebrasò.

ÅIn this paper Clifford succeeded in unifying Hamiltonôs 

quaternions with Grassmann's outer product. 
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ÅClifford understood the deep geometric nature of 

the algebra Grassmann had developed.

ÅHe also noticed that quaternions were rotational 

operators that fit neatly into Grassmannôs 

algebras.



Clifford Joins Quaternions with Grassmann algebras

ÅCliffordôs inner product equips geometric algebra with a metric, and 

thereby incorporates distance and angle relationships for lines, 

planes, and volumes, 

ÅThe outer product gives the planes and volumes vector-like 

properties, for example direction.

ÅClifford's algebraic system extends to higher dimensions. 

ÅThe algebraic operations have the same symbolic form as they do in 

2 or 3-dimensions. 

ÅThe importance of general Clifford algebras has grown over time    

and has developed a life of their own. 

ÅIn this talk I will only sketch out how they connect to              

quaternions.
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How does Clifford do this?

ÅClifford, like Grassmann, considers 

units in arbitrary number (n) 

dimensions,  ὩρȟὩςȟȣȟὩ , where 

ὩὮὩὯ ὩὯὩὮύὬὩὲὮ ὯȢ
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ÅBut When Ὦ ὯClifford let 

Ὡ ρέὶ ρ where 

Grassmann made Ὡ π


