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Hamilton and Quaternions

A Most of us here know the story of Hamilton
and the quote on Quaternion on the
plaque on Brougham (Broom) Bridge,
Dublin which says:

AiHere as he wal ked
October 1843
Sir William Rowan Hamilton in a flash of
genius discovered the fundamental
formula for quaternion multiplication
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N Hamilton and Quaternions

A This was the legendary beginning of what he called
AQuaterni onso.

A Which is what brought us all here today:

Ato learn from each other the relevance of Quaternions
today, more than 150 years after they were discovered.
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Other contributors to this subject

A But'some-of us may not know much about

A_Grassmann (Hermann Gunther Grassmann; April 15, 1809 i
September 26, 1877)

A Clifford (William Kingdon Clifford FRS; May 4,1845 7 March 3, 1879)
A and the history of their contributions to this subject.
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N HermannGintherGrassmann

A Grassmann was a person who was
truly ahead of his times.

A He anticipated Hamilton in non-
commutative multiplication,

A He introduced the idea of n
dimensions, which is truly a
modern concept.

AMuchof Gr a s s mavorkiwdd
conceptually look familiar to us
today.




Grassmann and Outer Product

A Gr.a s s mauien @aslucts, also known as exterior products or
wedge products, came before both vector and tensor analysis.

A'They also overlap both these subjects.

A The wedge product is defined to be associative, anticommutative,
and distributive over addition.

A Grassmann provided an algebraic setting to answer geometric
guestions.

A For this reason a more detailed mathematical description of
Grassmannos work needs to
what Clifford eventually did.




Grassmann and Outer Products

A Grassmann used lower dimensions as building blocks for higher
dimensions.

A He let a line be defined by 2 connected points, a plane by 3
connected points and so on.
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A For example, a vector is usually associated with a point P or a line
from O to P.

A What Grassmann did was discuss situations where the lines start
at P1 and end at P, b ut di dnot

A This idea allowed for greater generality.
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A Pictorial Discussion of what Grassmann di

A For-1 dimension: Let e1 Jjoin any 2 points 51__5!

A-e1is unchanged by parallel displacement of the 2 points.

MM

A Any vector a is some multiple of ex
A For example:
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a=-—e€1
A The sum of two vectors IS commutative
S — = - —> =
a b a

A This is how Grassmann deals with the issue of _
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A Pictorial Discussion of what Grassmann d|

A For2 dimensions: Let e1, e2 be any two vectors

e2

A.Shown here with a common talil -
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A'But e1, e2 can be independently placed &/

A For example a can be constructed as follows




A Pictorial Discussion of wh@rassmanulid

A The wedge product of two vectors is called a bivector.
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A 1t should be noted that the same bivector can be




A Pictorial Discussion of what Grassmann dig
A For bivectors in 3 dimensions:
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Grassmann their planes

can be put together in 3

a —, C
K \ dimensions in the

Aadb = Aa e1 D e
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A Pictorial Discussion of what Grassmann dig

ey B A For easy visualization we shall
| now take ei, ez, esto be
L orthonormal
A For a trivector in 3 dimensions:
.aabac }
. This process
© G can be
.................... repeated
A Ob & indefinitely for
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Clifford Joins Quaternions with Grassmann algebras

-__'_—'—-—_

A It is"ironicaccording to D. Hestenes

Al i fford fithe mathematici an
nderstanding of Gr a s s maystendand advancing it in a
major way, Is seldom mentioned as a follower of Grassmann
In historical accounts, though Clifford himself could not have
been more explicit or emphatic in his claim to be following
Grassmann I n developl ng
al gebrao! o

e

¢ ... forgeometry, you know, is the
4 gate of science, and the gate is
s0 low and small that one

can only enter it as a little child.




Clifford Joins Quaternions with Grassmann algebras

A In 1876 Clifford wrote, but left unfinished and unpublished, a
paper called nOn The Cl| assi

A¥n this paper Clifford sucec
guaternions with Grassmann's outer product.

f

A Clifford understood the deep geometric nature of
the algebra Grassmann had developed. e

A He also noticed that quaternions were rotational :=E===
operators t hat
algebras.

1848 Kirkman, Pluguaternions and Homoid Products,

- Grassmann, Ausdehnungslehre,
1870 Peirce, Linear Associative Algebra.
f I t In the Baryoentrio Caloulus a point is representod by a complex
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Clifford Joins Quaternions with Grassmann algebras
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AClLiffordoés inner product equi p
thereby incorporates distance and angle relationships for lines,
planes, and volumes,

A’The outer product gives the planes and volumes vector-like
properties, for example direction.

A Clifford's algebraic system extends to higher dimensions.

A The algebraic operations have the same symbolic form as they do in
2 or 3-dimensions.

A The importance of general Clifford algebras has grown over time
and has developed a life of their own.

A In this talk | will only sketch out how they connect to

uaternions.
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How does Clifford do this?

—
A Clifford, like Grassmann, considers

units in arbitrary number (n)
dimensions, 'OHQM KQ , where

Q2 Q00 Q 0@ &
A But WhenQ "QClifford let

Q pE 1 p)where
Grassmann made Q 11




